Solution to Problem # 675

Problem: Let q, b, c be distinct integers. Is there a polynomial P
with integer coefficients such that the relations

P(a)=0b, P(b)=¢, andP(c)=a
hold?

Solution. We will show that there is no such polynomial. If such a
polynomial P did exist, let the polynomial Q(z,y) of two variables
be defined by

P(z) — P(y)

Qz,y) = Ty

so that it is clear that ) has integer coefficients. Then by hypoth-
esis

b—c c—a a—>b

Q(b,c) = 7 . Qc,a) =

a—2>b —c c—a’

Q(a,b) =
so that we have

Q(aa b) ) Q(ba C) : Q(Ca CL) =L
Since each of the three factors on the left is an integer, it follows
that they are each equal t +-1. Consequently

(a—0b)==x(b—c)==x(c—a).

If the first ambiguous signis negative,thena—b = —b+¢ie.a=c
which contradicts the assumption that a, b, care distinct. Similarly,
if the second ambiguous signis negative, we have b = c. Therefore
we have

(a—b)=(b—c)=(c—a).
But then the sum of the three equal numbers in the above equa-
tion is zero, which means againthata = b = c. ]

This proof can be generalized to show that if a4, ..., a, are distinct integers, there is no
polynomial P with integer coefficients such that P(ax) = ar+1 forl1 <k < n —1and P(a,) =
P(ay,). This problem appeared in the USAMO of 1974.



