, Solution to Problem # 668

Problem:

Find all equilateral triangles (i.e. triangles whose all three sides
are of equal length) in the zy-plane with the following property:
for each of the three vertices, both the x and y-coordinates are
integers.

Solution. Let A, B, C denote the vertices of the triangle, and sup-
pose the coordinates of these verticesare A = (21, y1), B = (22, 42)
and C = (z3,y3). By hypothesis AB = BC = CA = s. Then
s* = AB? = (x3 — 21)® + (32 — y1)*>. We compute the area of the
triangle ABC in two different ways:
(1) The height of the equilateral triangle ABC is AB - sin60° =
*/735, sothe areaof ABC'is
V3, V3

1
5 % base X height = e 1 (o — 21)* + (2 — 11)?) -

Since the vertices have integer coordinates, it follows that the area
of the triangle ABC'is an irrational number.
(2) Recallthat the area of the triangle is also given by % )Aﬁ x AC

where x is the cross product of vectors. Now
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AB = (zg — )i+ (2 — )i, AC = (w3 —21)i+ (y3 — )]
o)
i ik
To —T1 Y2 — U1
x3—11 y3—y1 0

ABxAC = = ((z2 —21)(y3 — 1) — (w3 — 21) (2 — 1)) k,

sotheareaisgivenby 3 |(z2 — z1)(y3 — 1) — (3 — z1)(y2 — v1)| , which
isarational number, since the coordinates x4, y1, x2, y2, x3, y3 arein-
tegers.

This contradiction shows that there is no such triangle. N



